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PREFACE 
Indentation is a method by which the deformation of ductile materials under point 
loads is studied. In recent times this technique has been extended to study the defon11ation 
and fracture of brittle materials such as advanced ceramics and glasses. Such studies have 
been found to be a useful precursor to the study of the mechanics of ultra-precision 
machining. 
In this thesis, the existing analytical methods correlating the indentation parameters 
with material properties have been critically reviewed with a view to apply to such brittle 
materials as advanced ceramics. A modification to the existing analytical solution, namely 
Hill's spherical cavity solution has been proposed in view of the presence of high 
hydrostatic stress during indentation. Along with the analytical solution, finite element 
analysis of the elasto-plastic indentation problem has also been can·ied out using the CRA Y 
Super Computer at National Center for Super Computing Applications, Chicago. Some of 
the results for indentation of glass have been compared with those in the technical literature 
and found to be in good agreement. 
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Indentation is a method for determining the resistance of materials to deformation 
and is commonly used to measure hardness of materials. Over the years, indentation tests 
have been used not only for the measurement of hardness, but also for such varied 
attributes as resistance to scratching, cutting, plastic deformation, and cracking. 
The concept of measurement of hardness dates back to early 1700's [1]. However, 
the earlier investigations only speculated on its nature. O'Neil [2] reported that the first 
measurement of hardness on a scientific basis was done by Reamur using the scratch 
method. Among the various indenters that Reamur used for his study include chisels and 
prisms. Vicker's indenter is one of the variants of this later tool. 
With increasing use of hard materials in the early 70's, a need arose for 
characterizing the then newly emerging hard materials, namely, advanced ceramics. 
Because of its simplicity, ease of usage, and low cost indentation methods soon found 
wide usage for studying the "plastic" deformation as well as cracking phenomenon under 
varying loads. Among the various hardness measuring devices, Vicker's became the most 
common one, because of the following features [3] : (i) it can produce geometrically similar 
indentations, (ii) it can be u~ed for small samples which are otherwise not amenable to 
other fracture tests, (iii) specimen preparation is not too difficult, (iv) the Vicker's indenter 
used to produce the hardness indentation is a standard item both on dedicated hardness 
testers and universal testing machines, (v) many instruments are provided with means for 
accurately measuring the crack lengths produced during the test, and finally, (vi) it is cost 
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as well as time effective. 
The basic premise of the present investigation is to contribute towards the 
fundamental understanding on the nature of deformation that occurs beneath point loads. 
This, it is hoped, would throw some light on the phenomenon that underlies in the material 
removal process such as fine grinding. The irreversible material removal mechanisms, 
phenomenologically, can be divided into two classes : brittle and ductile. While the brittle 
mode of material removal is accompanied by nucleation and propagation of cracks, ductile 
regime material removal is characterized by plastic deformation. Most metals respond to 
processing by plastic deformation while non-metals, such as ceramics respond in the brittle 
mode. However, in recent times some researchers have coined a term for material removal 
in brittle materials at light loads as ductile regime grinding/machining [4]. This process of 
material removal has also been termed as microgrinding, a concept first put forth by 
Miyashata [5] who noted a gap in material removal rates between polishing and 
conventional grinding and termed it as microgrinding [see Figure 1.1] 
Though the proponents of the ductile regime grinding theory had conducted some 
experiments on materials such as silicon and germanium, the evidence found thus far has 
not been fully conclusive in the case of fine grinding of other ceramics. Because of this, 
and other factors, other researchers [6] have expressed concern regarding the validity of 
this process in grinding of brittle materials at small depths of cut. They advanced an 
alternative plausible hypothesis and termed fine grinding or gentle grinding of brittle 
materials, at small depth of cut as gentle grinding. Here, the mechanism of material 
removal may still be in a brittle mode, but at low depths of cut and light loads the crack 
initiation at or near the surface would be small enough so as not to degrade the surface 
related properties of the materials. In other words, microcracks form but may not extend to 
the critical length where they can propagate and degrade the properties and/or performance 
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Figure 1.1 Microgrinding Regime after Miyashata [5] 
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Komanduri et al. [6] argue that depth of cut by itself may not dictate plasticity or 
brittleness of a material. Their argument is based on the following : (i) in order for a brittle 
material to exhibit plasticity the state of stress should be such that there is a significant 
component of hydrostatic pressure (almost of the order of lOMPa as reported by Bridgman 
[7]), (ii) in the case of either cutting or grinding, other parameters remaining the same, it 
does not seem that merely c~anging the depth of cut would result in a change of mode of 
deformation as the change in depth of cut alone would result in geometrically similar 
stresses. This implies that, merely changing the depth of cut cannot result in significant 
increase in hydrostatic pressure or induce ductility at the point of deformation. Komanduri, 
however, advanced one plausible alternate reason for the existence of ductile region in 
grinding at low depths of cut based on ~e-an.gle of the abrasive at small 
depths of cut. In the case of conventional cutting, the edge radius is small and negative 
compared to the depth of cut. In such a case, the rake angle would be determined by the 
rake face. However, as the depth of cut becomes small, almost of the order of the edge 
radius, it becomes necessary to take into consideration the geometry of the edge radius. At 
these depths, the edge radius could dictate_ the rake angle, which will be highly negative. 
So, the consequence of a reduction in depth of cut could be a change in effective rake 
angle. This effect is schematically shown in Figure 1.2, where at large depths of cut the 
rake angle is the nominal rake angle as determined by the rake face while at fme depths of 
cut the rake angle is determined by the edge radius at the tip of the abrasive. As the rake at 
smaller depths of cut can be highly negative, the state of stress can change in such a way 
that the hydrostatic component may reach high values which can cause plastic deformation. 
The deformation produced by the large negative rake may be similar to that in indentation, 
(iii) the fact that a machined or ground surface is smooth does not necessarily mean that the 
surface is generated by plastic deformation. In other words, smooth surfaces can also be 
produced by mechanisms other than plastic flow. For instance, the smooth surface in the 
case of diamond is produced by cleavage and not plastic deformation, (iv) temperature 
1. Primary Deformation Zone 
2.Secondary Deformation Zone 





Figure 1.2 Effect of Tool Edge Radius at Micron and Submicron Machining 
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effects also play an important role. For example, in the case of glass, as the temperature 
increases above the glass transition temperature, it becomes viscoplastic, which when 
machined may produce continuous chips like the ones produced in ductile materials. The 
amorphous structure and viscous nature at elevated temperature, make behavior of glass 
different to other brittle materials such as ceramics. Hence, in the case of crystalline brittle 
materials with high melting temperature, such as advanced ceramics this phenomenon may 
not be operational at normal temperature. However, if the temperature is significantly high, 
then even brittle ceramics can deform plasticity. 
In this research project analytical and finite element analysis of the indentation 
process of brittle materials are presented. In Chapter II, the indentation process and its 
analysis are given. Chapter III deals with a review of indentation of both brittle and 
ductile materials. Elaboration of the existing analytical model, namely Hill's spherical 
cavity solution and a modification of this model with changed yield criterion to take into 
account the response of brittle materials are given in Chapters N and V respectively. 
Results of finite element analysis of the indentation process are discussed in Chapter VI. 
Finally, conclusions and recommendations are presented in Chapter VII. 
CHAPTER II 
REVIEW AND ANALYSIS OF THE 
INDENTATION PROCESS 
The principle of geometric similarity is an important attribute for indentation. This 
principle states that if two indentations of the same geometric shape are made then, 
whatever their size, the strain and stress distributions will be geometrically similar. In 
other words, when a rigid cone, pyramid or other prismatic body indents a semi-infinite 
block, the shape of deformation in the material should be expected to be the same 
regardless of the depth [8]. This statement is valid for homogeneous materials. The 
important consequence of this principle is that the yield point or yield pressure measured 
during indentation process will be the same irrespective of the size of indentation. Of the 
various techniques viz Brinell, Rockwell, Knoop, and Vicker's only the later two can 
produce geometrically similar indentations. Because of the advantages mentioned in 
Chapter I and the scope of this research, Vicker's indentation technique will be briefly 
reviewed. 
The 1360 diamond pyramid hardness tester commonly referred to as Vicker's 
indenter was first introduced by Smith and Sandland [9]. Though Vicker's indenter was 
initially confined to laboratories, it soon found acceptance in industry because of two 
factors. First, the hardness of a material is constant and independent of the load applied 
(except at extremely small loads). Second, and more important is the fact that this has a 
continuous scale from the softest to the hardest material. Also, the problem of obtaining 
geometrically similar impressions with different loads when using Brinell was overcome 
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with the introduction of Vicker's pyramidal indenter. A schematic of this indenter is 
shown in Figure 2.1. This in~entation technique employs a sharp-pointed square pyramid 
made of diamond having an included angle between the faces of 136°. The 136° diamond 
pyramidal hardness number, usually designated as DPH is defined as the ratio of applied 
load to the surface area of the impression [1] 








where dis the length of the diagonal. The Vicker's hardness number Hv is related to the 
yield strength of the material by the equation 
Hv=3Y · (2.3) 
An explanation for this relation in physical terms was first provided by Tabor [10]. 
Based on the works of Hencky and Prandtl, Tabor showed that during the indentation 
process about 2/3 of the applied pressure acts as hydrostatic pressure and hence does not 
contribute towards yielding. The remaining 1/3 pressure is what actually causes the 





Figure 2.1 Vicker's Pyramidal Indenter 
P is usually referred to as the hardness of the material. 
Methods of Analysis 
When a hard indenter is pressed into a material three possible situations can arise. 
In the first case, the resulting deformation is lower than the elastic limit of the material. The 
stresses and displacements then are described using the theory of elasticity. On other hand, 
if the deformations are large enough such that the elastic components can be neglected, it 
can be analyzed using the theory of plasticity, such as the slip-lin~ filed theory. The third 
.. 
possible situation is when a part of the deformation is in the elastic range and a part in the 
plastic zone(regime). In this case, the problem becomes complex and has to be solved 
using tools, such as finite element analysis [11-15]. Further, the elasto-plastic indentation 
is also solved using modified analytical methods, such as Hill's spherical cavity solution, 
as will be dealt in detail in Chapter IV. 
A review of the slip-line field solution of the indentation problem is given in this 
section. The analytical and finite element analysis of the elasto-plastic problem are given in 
Chapters 4 and 5 respectively. 
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Slip-line field therny 
The first mathematical treatment of the indentation problem in terms of the slip-line 
field theory was given by Hill et al. [ 16] and subsequent to this a number of modifications 
have been put forth by other researchers [17]. Samuels outlined the following conditions 
under which the slip-line field theory can be applied to indentation [18] : 
* the displacements of the points on the original surface must have a relatively large 
component parallel to that of the surface 
* the lip of the coronet should be abOut 1/3 the depth of indentation 
* the deformation must not extend to a considerable depth from the tip of the 
indenter. 
Figure 2.2a shows the condition when a sharp conical indenter penetrates into a semi-
infinite rigid plastic material upto a depth d, under frictionless conditions. After the 
penetration, three distinct zones are observed in the deformed material. In Zone 1, adjacent 
to the indenter, material is compressed and has yielded plastically. In zone two, the nature 
of deformation is complex and hence has not been described adequately. In Zone 3, the 
material is undeformed (elastic). When the indenter moves into the material, a coronet or a 
pile up will occur around the indenter. The volume of this material is equal to the volume 
of the material displaced by the indenter. For all values of penetration, the slip-line remains 
identical. With reference to Figure 2.2a the slip-line field consists of an isosceles triangle 
BEC, and a center face field of angle 9 (angle FBE) which in turn is determined by the 
angle a. of the indenter. Since, frictionless conditions are assumed, surface AB is 
assumed perfectly smooth. Consequently, it is assumed that the slip lines meet the surface 
at 45 °. Applying Hencky's equation yields 
P = K (1 + 29) (2.5) 
and pressure q normal to AB, is given as 
q = K (1 + 2e} 
The necessary indentation force, is therefore equal to 
F = 2 x q AB sin a. 
= 4k (1 +e) BB' 
Hence, for unit width of indenter (i.e BB'=1) 





Considering the effect of friction, Grunzweig et al. [19], made a detailed study of 
indentation using the wedge type indenter and tabulated results for P/K with various 
included angles and coefficients of friction. When the wedge is rough, Grunzweig et al. 
found that the corresponding slip-line fields to deviate and no longer meet the indenter at 
If h is taken as the length of AB in Figure 2.2b, and c the depth of the penetration, 
then the height above the original surface is given as 
h cos e -c = i2hcos A sin ( e -'If + ~ - A) (2.9) 
From the displacement and geometric similarities 
(2.10) 
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Using Hencky's equations and the above two relations, yields [19] 
· P = k { 1 + 2\jl + sin 2A.) (2.11) 
where A. and~ are related by the equation [19] 
~ = cos 2A. 
1 + 2~ + sin2A. (2.12) 
A review of the slip-line field analysis for indentation in general and micro-
indentation in particular was given by Samuels [18]. Based on the results ofMulheran [20] 
. and Samuels and Mulheran [21], Samuels concluded that the cutting model of indentation 
(to which the slip-line field theory is applied) fails for indenters with included angle higher 
than 60 °. Also, he found th~t the discrepancy between the experimental observations and 
the predicted values using the slip-line theory increases for indenters with included angles 
above 60 ° and were pronounced at 120°. From the above, it becomes clear that the 
application of the slip-line field theory to indentation is limited somewhat by the geometry 









Figure 2.2 Slip line filed in indentation 




Ductile and Brittle Materials 
A solid can be formed or shaped in essentially two ways - it can be cleaved or 
sheared. Depending upon the energy requirements materials can be classified into brittle 
and ductile. If the amount of energy required to cleave is more than that required to shear 
then the material is ductile otherwise it is brittle. In general, the body centered cubic 
materials (especially metals) are usually ductile while hexagonal closed packed materials 
behave in a brittle manner. Two basic classification methods will be considered in this 
section, one from a microscopic point of view and the other from a macroscopic view. 
As pointed out earlier, a useful method of classifying materials is by examining the 
theoretical cleavage and shear strengths. Taking a sinusoidal variation of the force, if ao is 
the equilibrium distance between two planes of atoms [see Figure 3.1] then, the maximum 
cleavage strength O'max is given as [22] 
(3.1) 
where y is the surface energy and E is the Young's modulus. Similarly, the theoretical 
shear stress (tmax) is given by 





where b is the repeat distance in the direction of shear and h is the distance between the 
atomic planes. Depending on the ratio of O'max/tmax• a material can be classified into either 
brittle or ductile solid i.e if this ratio is greater than one it is ductile otherwise it is brittle 
~ 0 0 0 0 
ytbj 0 0 0 
(4) 
.y"Sinusoidal relationship 
, ... - ', Realistic relationship 
..,__---b---~ 
(b) 
Figure 3.1 Shear displacement of one plane of atoms over another [23] 
Kelly [24], based on fracture mechanics theory, defined a truly brittle material as one in 
which 
'Yp = 2y (3.3) 
where, 'Yp is the work done by the applied stress per unit area of fracture, y is the specific 
surface free energy. A ductile crystal, on the other hand, is one in which the failure is 
essentially by the motion of dislocations. Another classification, also based on fracture 
mechanics and the motion of dislocations, has been put forth by Lawn [25] (see Table 3.1 
for details). This classification is based on the nature of deformation or fracture behavior of 
materials. 
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Gogotsi et al. [26] developed a classification of materials from a macroscopic point 
of view. In order to characterize the mechanical behavior in quantitative terms they 
introduced an energetic parameter termed as brittleness, X - which is defmed as the ratio of 
Classification 
Highly Brittle 
' Semi Brittle Solids 
Non Brittle Materials 
TABLE3.1 
CLASSIFICATION OF MATERIALS [25] 
Principal Factor Materials 
Bond Rapture Dirunond,alumina,micae~ 
Bond Rapture & ·Dislocation NaCl, HCP materials, 
Motion 
Dislocations Motion 
glassy Polymers etc. 
FCC Materials, Non-glassy 
polymers, most BCC 
materials 
the specific elastic energy, Uc accumulated in the material at fracture to the whole specific 
energy expended to attain the limiting state. 
(3.4) 
where O'Jim is the strength and Elim represents the strain of the material. Brittleness ranges 
between 0 s X s 1. Based on this definition, Gogotsi et al. classified materials as brittle 
and relatively brittle. Brittle materials i.e for which X =1, are deformed without any 
structural change, and the point where their structure begins to change usually coincides 
with the point where the crack starts to emanate and move. On the other hand, relatively 
brittle materials are characterized by a nonlinear stress-strain behavior, which reflects the 
occurrence of non-elastic strains at certain stress levels. 
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Bridgman [27] conducted extensive studies on the fracture and flow behavior of 
brittle materials subjected to combined stresses involving high hydrostatic pressures. 
Based on this work Bridgman postulated, brittleness does not refer to the process of 
fracture itself but what comes prior to fracture. If a material receives a permanent set or 
deformation before fracture then it is termed as ductile. On the other hand, if the material 
fractures before experiencing any deformation it is termed as brittle. According to 
Bridgman, there can be only tensile fracture or shear fracture but not brittle fracture. When 
the term brittle fracture is used, it should be in reference to the fracture of brittle substance 
rather than a fracture mechanism itself. Kelly [24] pointed that many materials which are 
usually referred to as brittle materials may also deform in a ductile manner, under 
appropriate conditions. But, lack of appropriate measurement and characterizing 
techniques which lent credence to this classification of materials. 
Kelly [24] pointed out that the line of distinction between brittle and ductile 
materials can be rather slim, since any crystal which cannot be cleaved must be inherently 
capable of propagating cracks at least at low temperatures. Materials become ductile under 
the conditions where the cracks are either prevented from forming and/or propagating. 
Therefore, it follows that the distinction between these categories can become one of 
conditions rather than the inherent structure and properties of the material. 
Deformation Under Pointed and 
Moving Loads in Brittle Materials 
In the previous section a brief discussion on the ductile and brittle nature of crystals 
was presented. In this section irreversible deformation of brittle materials such as flow, 
crack nucleation, and crack propagation under the action of point loads will be discussed. 
The response of brittle materials under the action of point and moving loads is much 
different from those of ductile materials. Referring to Figure 3.2, it can be observed that 
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directly beneath the indenter there is a zone of irreversible deformation [28]. This zone has 
been referred to as plastically deformed zone, or the densified zone [29] or the microcrack 
zone [30] by various researchers. It is this small zone, just underneath the indenter, which 
may be of direct interest to the process of gentle grinding of brittle materials. Emanating 
from the plastic zone are two principal crack systems - the lateral cracks and the median 
cracks. In considering the points of origin of the crack system, the stress fields around a 
pointed load- namely Bossinseq stress are made use of [31]. According to this theory, the 
maximum tensile stress is at the specimen surface and contact axis. Hence, it appears that 
in all probability the cracks tend to initiate at one of these favoured locations. 
Crack Nucleation in Indentation Process 
The sequence of events leading to the crack formation in a brittle material during 
loading and unloading cycles are shown schematically in Figure 3.3 [28]. From this 
figure it can be seen (i) the point load produces an inelastic deformation zone just beneath 
the indenter, (ii) at some threshold value a deformation induced flaw will suddenly develop 
into a small crack- which is termed as median·vent. This crack generally originates on a 
plane of symmetry which contains the contact axis, (iii) with increasing load, the median 
vent develops into a steady crack, (iv) as the load is gradually removed, the median crack 
will begin to close but may not heal, (v) as the unloading process continues the sideways 
expanding cracks referred to as lateral cracks will develop, and (vi) upon finally removing 
the load, the lateral cracks will extend and reach the surface and may cause chipping. 
I 
The contact problem which leads to crack nucleation in an aforesaid manner can 
either be a sharp object or blunt object contact. In the case of a blunt or spherical contact, 
the stress and subsequent cracking are modelled using Hertzian theory of contacts [25], 
whereas, for sharp object contact Boussinesq stress theory is used [25]. However, the 
basic sequence of events leading to the formation of cracks in either a sharp point contact or 
a spherical contact are about the same. Evans [32] observed that the stress fields that are 
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induced during indentation and sliding are almost similar. He argues that the essential 
difference between sliding process and static indentation is the presence of two extra 
components of the stress, namely, a compressive stress acting in front of the slider and a 
tensile stress acting at the trailing edge. The stress components in the plane perpendicular 
to the sliding direction would largely be similar to those in indentation. These stress 
components in a plane perpendicular to the motion of the abrasive grains in grinding are 
responsible for the propagation of lateral cracks, which in turn are responsible for the 
material remov,al in a brittle manner. Hence, itfollows that the stresses responsible for the 
onset of brittle fracture in grinding could be evaluated by analyzing the stresses generated 
during indentation. 
Plasticity in Brittle Materials 
Though gentle grinding/machining of brittle materials is an emerging technology, 
the very concept of plasticity in brittle materials is reasonably old. The first major work in 
the area of plasticity in brittle materials; such as glass was conducted by Late Prof. 
Bridgman [7] of Harvard. Bridgman conducted a series of experiments under combined 
stress involving high hydrostatic pressures on a range of brittle materials such as glass, 
carboloy (cemented carbides), beryllium, alumina, sodium chloride, quartz and marble. 
When marble samples were subjected to a hydrostatic pressure of -0.8 GPa, Bridgman 
[33] observed a permanent decrease in density. This increase in the volume which 
eventually results in a decrease in the density of the solid was observed to be a strong 
function of stress. Also, this component of volume increase was largely reversible and 
recoverable on release of the stress. However, some portion of the volume increase was 
irrecoverable. The interesting point is that a similar phenomenon was observed by 
Bridgman when AISI 1035 steel was subjected to high hydrostatic pressure. But, for steel 
4/5 of the component of volume increase is relinquished when the applied stress was 
removed. He found that brittle materials, such as glass can be subjected to much higher 
20 
Median Crack 












+ ~- L/ 
I 
(vi) 
Figure 3.3 Schematic of Crack Formation Under Pointed Loads. Median Cracks are 
formed during the Loading ( +) Cycle and the Lateral Cracks are formed during 
the Unloading Cycle(-) [28] 
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compressive stress when supported by hydrostatic pressure than by tensile stress. For 
instance, when glass is subjected to high hydrostatic pressures of - 2.7GPa, the 
superimposed tensile stress was around 2.4 GPa, whereas the accompanying compressive 
stress was around 4.5 GPa. Based on an extensive experimental investigation [27-34] on a 
range of brittle materials, Bridgman concluded that the entire process of fracture is an 
energy releasing process. Hence, energetically, tensile process is more favoured for 
fracture than ,the compressive process. Bridgman also concluded that crystalline 
substances, particularly cubic structure materials, lose their brittleness under that action of 
hydrostatic stress. 
Bridgman's work was followed by some interesting work of King et al.[36]. 
Working on rock salt, King et al. reported plastic deformation during indentation. They 
classified all non-cracking, irreversible phenomenon as plastic flow. They found that 
under high hydrostatic pressure fracture in brittle materials was prevented and a marked 
plastic deformation process sets in. Under these conditions yield stress reaches a value 
very much greater than the bulk shear strength of the undeformed specimen. King et al. 
argued that since flaws and cracks act as sources of stress concentrations and play an 
important role in the cracking process, any method which inhibits the crack formation 
would lead to plasticity. Hence King attributed this "plastic" behavior in rock salt to the 
healing of flaws. 
Though plasticity in brittle materials in general, did not draw much attention since 
Bridgman's monumental work, there was considerable experimental efforts on brittle 
geological materials were conducted. In one such study, Brace [37] observed the behavior 
of quartz during spherical indentation. He reported the observation of ductility during 
indentation, ductility referring to all non-recoverable deformation which occurs without 
fracture. However, Brace did not rule out the possibility of microcracking phenomenon, 
which according to him may not be observable. The other possible explanation for the 
deformation, according to Brace, was translation gliding. During this study, hardness of 
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quartz was found to be load dependent - i.e greater the load lesser is the hardness and vice-
versa. He argued that the strength of quartz, similar to other brittle materials, could be 
linked to the size and distribution of flaws. 
Because of their importance in manufacturing, certain carbide materials drew much 
attention. Starting in the 1970's most of the experiments were directed on these materials 
in order to study their deformation behavior as well as to characterize them in terms of their 
brittleness. Hertzian indentation of carbides was studied by Warren and Matzke [38]. 
They found that certain highly brittle carbide materials such as TiC, ZrC, VC, and NbC 
could not be successfully indented by a diamond indenter because of surface chipping. 
However, they reported that TaC indented plastically under a spherical indenter. In a 
similar work, on tungsten C!irbide, Warren [39] defined a characteristic load which he 
related to the crack formation and propagation. He found this characteristic load P* to be 
independent ofthe flaw size and was defined as 
P* = Pc = B yR (3.5) 
where R is the radius of the indenting sphere, y is the fracture surface energy and B is a 
constant. He observed the cracks formed close to the fracture load Pc were usually fine and 
often not readily detectable. However, at light loads he found these cracks became more 
conspicuous and multiple. At loads far greater than Pc, Warren found multiple concentric 
cracks. 
High temperature indentation of tungsten carbide was also carried out by Rowcliffe 
[40]. He found the plastic flow associated with indentation process to increase with 
increasing temperatures. According to Rowcliffe, a prominent feature of the indentation 
process at room and elevated temperatures, is the difference in the shape of cracks formed. 
At room temperature he found the shape, was essentially circular, whereas at higher 
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temperature, the shape changed to hexagonal. Rowcliffe attributed this shape difference to 
the stress relaxation, which occurs at higher temperatures. He also found, the crack size 
and shape to depend more on the temperature than on load. 
Certain acrylic materials also demonstrate the type of deformation seen in the case 
of glass and some ceramics. Puttick [41-44] carried out a series of experiments on the 
behavior of some brittle materials including glass, silicon, sodium chloride, and 
polymethylmethcralite (PMMA) during indentation. Puttick [41] studied cracking during 
indentation of perspex with steel balls. He found the deformation process, to be 
densification rather than plastic flow. Based on the changes in the refractive index of the 
indented material, Puttick developed an expression for the change in density under the 
indenter to be 3.2 x 10 -3 (dp/p ). In a subsequent paper, Puttick [ 42] developed an 
analytical solution of the indentation of PMMA: This analysis assumed the material to have 
a linear stress-strain behavior in the true yield region and subsequent zero work hardening. 
He modelled the stress state along the lines of Hill's spherical cavity solution which is 
discussed in detail in Chapter IV. Puttick found the hardness of PMMA to be function of 
the testing rate and the material yield stress a function of the strain rate and the hydrostatic 
pressure. 
Puttick et al. [ 44] also conducted experiments on indentation of NaCl. Specimens 
in the form of { 100} rectangular prisms were cleaved from the melt grown crystals. They 
found that the diamond pynimidal indentation at all loads to be well defined. Scanning 
electron micro~copy examination of the indented surfaces showed a shallow depressed 
trough parallel to the <100> and pile up along <110>. However, in the case of conical 
indenters, Puttick et al. [44] reported that cracks initiated in the surface at or close to the 
indentation and then propagated outward and downward to form an angle wing shape. 
Puttick [ 45] conducted extensive studies in the area of fracture transitions in glass. 
He observed that transition from brittle to ductile to occur when a certain length parameter 
attains a critical value given by 
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Ey 
dcrtical a -2 (3.6) y 
or 
d Kc 
crtical a -yz (3.7) 
where E is the Youngs modulus, y is the fracture surface energy, Y is the yield stress in 
uniaxial tension and Kc is the critical stress intensity factor. 
In addition to the sta~ic indentation studies, sliding tests were also conducted on 
some ceramic materials. For example, Veldkamp et al. [ 46] studied the effect of a wide 
range of normal forces on scratching of different ceramics to explore the possibility of a 
ductile to brittle transition. They reported that at very shallow depths a sharp scratching 
point in the material produced a fully ductile grooving. Also, with increasing force, they 
observed that cracks first appeared just behind the scratching point which originated from 
the grove. This is followed by cracks initiating from the side of the particle and propagate 
in front of it. Subsequent to this, chipping occurs. Veldkamp et al. commented that during 
this gradual transition a decreasing specific grinding energy with increasing depth could be 
anticipated. 
The presence of a 'plastic' like layer during the single point grinding/scratching of 
ceramic materials was reported by Zhang [30]. Working on SiC, Al203, and SiC, Zhang 
observed that immediately beneath the indenter there existed a plastically deformed layer of 
thickness "a" which was related to the depth of cut "A". Also, in the microcracking zone 
Zhang found a linear relationship between the depth of cut A and the deformed layer "a". 
Though no theoretical expression was derived for the critical depth at which the transition 
from the brittle to the ductile regime took place, however, from his experimental data a 
relation of the type 
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a= a A (3.8) 
can be developed for the ductile regime, where a is a constant which depends upon the 
properties of the material. 
Researchers at North Carolina State University [4,47] who coined the term of 
ductile regime grinding base their argument on an hypothesis put forth by Kendall [48]. 
Kendall argued that plastic deformation is essentially a volume process and therefore must 
depend on the cube of the characteristic dimension. On the other hand, crack generation 
and crack propagation are proportional to the area of the crack and hence should depend on 
the square of the characteristic dimension. As the characteristic dimension gets smaller the 
amount of energy necessary to initiate plastic deformation process is lesser than that 
required for crack generation. It, therefore, follows that at a certain critical depth, the 
plastic deformation process may be energetically favoured to the crack generation process. 
Using this hypothesis Bifano and Blake [4, 47] conducted grinding as well machining 
experiments on different brittle materials, including amorphous glasses, advanced 
ceramics, and semiconductors such as germanium and silicon. Based on their experiments, 
Bifano [35] postulated that at small depth of cut in grinding required to achieve the ductile 
regime on a relatively hard material, there is a definite size effect i.e. hardness is not 
necessarily an invariant material property but rather varies with the depth of cut(doc) -
increasing with decreasing doc. For diamond turning, Bifano [35], developed the 
following expression for the critical depth of cut for germanium and silicon : 
(3.9a) 
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where E8 is the elastic strain energy stored in the plastic zone and E is the Youngs modulus. 








{K/) 2 Era. 2Ed (3.13) 
and 
(3.14) 
Special Reference to Glass 
Researchers working in the area of machining/grinding of brittle materials and 
propose support the "ductile" regime grinding concept generally use the data obtained for 
glass as a basis and apply it to ceramics. However, as is well known, there are a number 
of differences between ceramics and glass including the following: 
(a) glass is an amorphous solid and has no definite crystalline structure like the 
other ceramics. 
(b) glass flows in a manner similar to that of a liquid (viscous) above the glass 
transition temperature. 
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(c) glass, as in the case of single crystal material, is structurally a large molecule 
and contains no internal surfaces, holes or inclusions having the dimensions 
which approach the wavelength of light. 
(d) being amorphous glass may take any structural configurations under the 
action of stress, which implies that the interatomic distances before and after 
the application of stress need not be the same. 
When subjected to stress, glass behaves in a different manner than those of ductile 
metals or other brittle materials, such as ceramics. The basic deformation of glass is 
closely related to the atomic structure. As against the dense packing usually encountered in 
the case of metals, glass being amorphous, has a certain amount of free volume. The free 
volume here refers to that fraction of glass which has a lower atomic coordination than that 
of the reference material. When subjected to stress the loose/weak bonding between the 
free volume and the surrounding material will result in local rearrangements. 
Since glass generally fractures on the application of any appreciable amount of load, 
indentation hardness tests on this material were not attempted for a long time. Working 
on borosilicate crown glass and extra dense flint glass, Taylor [49] found some evidence of 
deformation beneath the moving load. This is interpreted as due to the presence of a large 
hydrostatic pressure beneath the indenter, as will be shown in in the present investigation 
using the finite element analysis. Taylor's work is considered as pioneering as he has 
shown that (i) hardness of glass can be measured and (ii) there is some form of 
deformation occurring benea~h the indenter/moving load. Taylor also found the deformed 
material to pile up, similar to the phenomena observed with conventional ductile materials. 
In fact this is one of the reasons he cites for terming the deformation as plastic flow. 
Though this deformation was termed as "plastic flow" by Taylor, it has been a point of 
intense debate [29]. Other explanations that have been put forth for the plastic flow or 
deformation in glass will be discussed in the next section. Taylor's work was closely 
followed by studies by Ainsworth [50] who found that distribution of flaws and defects 
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determine the strength to a very large extent. Based on the data of Fisher and Hollomon 
[50], Ainsworth concluded that the indentation hardness testing should be conducted on a 
surface area very much lower than 0.1 mm2. Using the relation H=cY developed by Tabor 
[51] for the hardness of metals, Ainsworth calculated the yield strength of plate glass to be 
of the order of- 2.0 GPa (with a value of 2.7 for c in the above equation). This value is 
about 30 times the stress required to break glass. Ainsworth argued that the plastic flow of 
glass can take place provided the volume of glass involved is small. Ainsworth, in the 
present writers opinion, was perhaps referring to the the size effect which may be the basis 
for explaining ductility in brittle materials. 
Marsh [52] reported his findings of plastic-like deformation in glass during 
indentation/scratching. He reported that even at room temperature glass could flow 
plastically, and that the flow stress is a strong function of the time of loading. Marsh's 
conclusion of plastic flow in glass was based on the following observations (i) when 
scratched with diamond, large furrows were produced (ii) diamond indenter when 
impressed on glass gave impressions which are similar to that on hardened steel. He also 
argued that glass could not reach the predicted terminal fracture velocities for brittle solids. 
Marsh observed that the flow stress of glass is generally much lower than the theoretical 
cohesive strength of the material. Hagan [53] also studied the shear deformation resulting 
from the indentation of glass. He reported that apart from the initial compaction of the 
silicate network, flow occurs. Also, a departure from the ideal plastic behavior which 
requires that the spiral flow lines meet at 90° was not found ( the lines were found to meet 
at 100 °). Hagan attributed this deviation from the ideal rigid-plastic behavior to the initial 
densification. 
Huerata and Malkin [54] conducted multipoint grinding experiments with silicon 
carbide and diamond abrasives on glass and reported plastic deformation of glass. They 
observed that the material removal in the case of diamond grinding of glass was a 
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combination of the chipping and ductile deformation processes. They developed a 
relationship for the total specific energy during the process as 
U total = U fracture + U ductile deformation (3.14) 
The specific energy for fracture U f is given by the surface energy for generation of new 
surfaces per unit volume of material removal. They derived the following expression for 
estimating the specific energy for fracture. 
Ur=a-y (3.15) 
where a is the surface area per unit volume and"( is the surface energy of glass. If the 
surfaces are assumed to be uniform and cubic with a dimension of c, then a in the above 
expression is equal to 'c'. Substitution of this in 3.13 and 3.14 gives 
Uf= 6 'Y 
c (3.16) 
Based on this expression, Ur was calculat~d as 3.1 J/mm3 and this value was found to be 
about one third of the total specific energy consumed during the process. Hence, they 
attributed that a significant amount of energy for plastically removing the material. 
Single point and multiple point grinding experiments were also conducted by 
Kirchner [55]. He found cracking in both multipoint and single point grinding of glass. 
This crack system included tensile cracks formed behind the contact in response to the 
frictional forces and median cracks /radial cracks formed beneath the contact. Kirchner 
cautioned that though single point grinding provides a useful simulation of the multipoint 
there were some salient differences between these two namely- in single point grinding, the 
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interaction between the neighboring points are not simulated and, the forces on the diamond 
may be too great and may lead to excessive crushing. 
Densification 
Following Ainsworth work [50] there were other reports [29, 56] on the 
measurement of hardness of glass. Though the values reported were about the same, the 
very measurement of hardness and the underlying physics came under much debate. 
In general, dense crystalline compounds subjected to pure hydrostatic pressure 
retain their original shape. This is, however, under the assumption that no crystal 
transformation has occurred. However, in the case of certain oxide glasses, subjected to 
uniaxial compression a change in volume is found [29]. This change in volume is referred 
to as compaction because of the associated increase in density. Since glass can 
accommodate changes in the structure under the action of stress, it was pointed out that 
densification may be taking place during hardness measurement of glass. This opinion 
received strong support after Bridgman and Simon [27] reported their findings. Under 
hydrostatic pressures of the order of 1 OMPa, Bridgman et al. [27] found that the changes in 
density could be as much as 17.5 %. Following this Peter [29] proposed densification as 
the most probable mechanism for the deformation of glass. Since density and the refractive 
index of the material are related by the Lorentz law (the change in refractive index is related 
to the density of the material by the relation pNAa =3M Eo [ n2 - 1 ],where NA is the 
. n2 + 1 
Avagadro's number, M is the molecular weight, pis the density, a is an atomic parameter 
and n is the refractive index of the material), Peter measured the change in refractive index 
to prove the role of increased density as the only possible mechanism during indentation of 
glass. Ernsberger [56], working along the lines of Peter, also found a change in refractive 
index by as much as 0.08. Ernsberger went one step further and calculated the depth of 
deformed zone to be around 1/4 the diameter of the indenter. Based on this finding, 
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Ernsberger redefined the hardness of glass as the amount of hydrostatic pressure required 
to produce densification. 
Sakka and MacKenzie [57] in a study on the effects of high hydrostatic pressure on 
glass addressed such questions such as the effect of shear on densification, the possibility 
of pure hydrostatic pressure alone contributing to the densification and structural changes 
which accompany densification. Sakka et al [57], based on the data provided by 
MacKenzie et al., argue that pure hydrostatic pressure alone cannot produce the required 
densification. To study the effect of shear on densification they used two different sets of 
pressure transmitting media namely Ai203 and AgCl. Al203 as a transmitting medium was 
assumed to have shear associated with it whereas AgCl was assumed to produce pure 
hydrostatic conditions. They found that, densification with Ai203 was more than that with 
AgCl, under the same operating pressures. They concluded that densification resulting 
from the compaction of silica glass in the rigid state depends on the external shear inherent 
in any pressure transmitting device - i.e more the shear associated with the process, more is 
the densification and vice versa. The same logic has been extended to explain the 'flow' in 
glass - as the local hydrostatic pressure can be as high as 1-3 GPa. They argued that since 
there is bound to be a shear component of stress associated with the indentation process, it 
is possible that some densification could result. 
An important short comings of the densification theory is it could not explain the 
chips and the chip-like materials that are produced during the scratching process. 
Ernsberger, acknowledged this fact when analyzing the results of Taylor. More recent 
experiments by Finnie et al. [58] has shown proof of the fact chips or chip-like structures 
can be produced during scratching of glass. Finnie, however has not proposed any 
mechanism responsible for the chip formation. 
Based on the findings of Ernsberger [56], Peter et al. [29] and Finnie [58] it may be 
concluded that the deformation prior to cracking cannot be attributed solely to either 
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densification or to plastic flow. It is possible that both these mechanisms may be 
operational. 
CHAPTER IV 
ANALYTICAL SOLUTION OF 1HE ELASTO-PLASTIC 
INDENTATION PROBLEM 
The elasticity of the material plays an important part in micro-indentation. Unlike 
in the case of fully elastic and fully plastic problems which have been well established 
methods of analysis, the elasto-plastic indentation problem has not yet been fully 
understood. Analysis of the indentation problem with the elastic strains comparable to the 
plastic strains was conducted by Samuels and Mulheran [21]. They observed that in some 
cases, the deformation below the indenter did not show an outward flow of material as 
predicted by the plasticity theory, but resembled radial flow type compression of material. 
This phenomenon was subsequently analyzed by Marsh [52] who equated the deformation 
beneath the indenter to that of an expanding sphere. This representation of the indentation 
process, assumes that the contact surface of the indenter is encased in a hemispherical core 
of radius a, (equals to 0.5d), where d is the diagonal of the indenter. Within this core, the 
deformed material is assumed to exert a hydrostatic pressure p. In such a case, the plastic 
zones are small and the magnitude of the elastic and plastic strains are almost the same. 
Consequently, the material that is displaced by the indenter can be accommodated by the 
elastic expansion of the surrounding material. This compression model, which is 
mathematically represented by an expanding sphere is characterized by the following 
features [18] : 
* the contact or the indentation with the surface produces radial compression of the 
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hemispherical shells'. For the purpose of analysis it is assumed that all these shells 
are centered about the point of contact. The strains immediately adjacent to the 
indenter are large and decrease progressively towards bulk of the material. 
Regions of higher strains are assumed. to occur very near the tip of the indenter. 
*Unlike in the case of cutting mechanism, the indented surface is formed by the 
original test surface folding progressively about the axis of the indenter. Because 
of this, the surface remains almost unaltered except for a downward dent like 
formation just at the point of indentation. The additional surface area required for 
this downward stretching at the point of indentation is produced either by 
stretching the original source or by the cutting of material. As to which of these 
two mechanisms will be operational in the process depends on the yield strength 
of the material i.e lesser the yield strength, greater the chance for stretching or 
vice versa. 
The compression type mechanism is reported to depend on some material properties 
[10]. For example, in the case of annealed metals, when the indenter sinks into the metal 
the material adjacent to the indenter becomes workhardened in comparison with the material 
away from it [10]. As the indenter begins to sink further, it will take the workhardened 
material along with it. The net effect is that workhardened metal and the indenter together 
will act as one indenter. This will lead to the depression of the material immediately 
adjacent to the indenter. 
This type of mechanism is also found to be operational in the case of materials 
which have a low E/Y value. Table 4.1 shows the E/Y and PlY (Hv/Y) values for some 
brittle materials such as ceramics and diamond. Working on glass, Marsh [52], observed 
that in the case of materials which have a low E/Y value, the compression type mechanism 
is operational. He also found that the basic form of usual method of representation of 
hardness of the form ~ = 3 to be invalid. He suggested that in the case when ElY is low, 
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. the relationship between the hardness and the yield strength is expressed by more 
complicated forms which also involves the Youngs modulus (E) of the material. It should 
be noted that for materials with low Young's modulus to yield strength ratio, the value of 
hardness to yield is generally more than 3.0 (see Table 4.1). The unusually high value in 
the case of diamond may probably due to its unique crystal structure. 
TABLE4.1 
ElY VALUES OF SOME BRITTLE MATERIALS 
Material E (GPa) Y (MPa) Hv (GPa) FlY Hv/Y 
Ah0:3 380 6362 23.18 59.72 3.644 
BeO 311 3519 11.15 88.37 3.17 
MgO 207 1959.6 6.42 105.63 3.28 
Si02 69 1856 5.38 37.125 2.89 
Diamond 1035 8901 95.08 116.26 10.88 
Hill's Spherical Cavity Solution 
As mentioned in the introductory part of this chapter, when the elastic strains are 
comparable with those of the plastic, the analytical modelling of the indentation problem 
becomes difficult. In such cases, it may be necessary to use certain indirect methods of 
analysis. One such approach is to assume that the subsurface displacements produced by an 












Figure 4.1 Elasto - Plastic Solution of the Indentation Problem [59] 
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region just beneath the indenter is modelled as a (hemi)sphere which is expanding under 
uniform internal pressure. The solution to this problem was first developed by Marsh [52]. 
In this section, details of that analysis will be presented. This solution was first given by 
Hill [60]. 
Calculation of Stresses 
The state of stress in a sphere subjected to an internal pressure is given in the 
general form as [31] 
(4.1) 
where C and D are constants. If a and b are taken as the internal and the external diameters 
of the sphere subjected to an internal pressure of Pi and an external pressure of p0 , then 
- p· =.C. + D 
1 3 a (4.2) 
(4.3) 
Solving for C and D and substituting in ( 4.1) we get for the radial stress crr 
(4.4) 
The tangential stress O't can be obtained by considering the equilibrium of the elemental 
section as shown in Figure 4.2. 
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<Jr + ..Q..Qr... dR 
dR . 
Figure 4.2 Stress Diagram for a Spherical Element 
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and substituting for at and ar from equation (4.9) we get 
( 4.11) 
But, yield begins at the inner surface when r=ao. Therefore 
(4.12) 
With increasing internal pressure, the plastic zone increases in dimension. Due to 
symmetry, the plastic zone is assumed to be spherical. If c denotes the radius at any 
instant, then in the elastic region the radial and tangential stresses ( ar, and at) are given as 
(4.13) 
(4.14) 
where A is any constant. 
At the boundary r= c, we have yielding. Application ofTresca's yield criterion, gives 
(4.15) 
Substituting (4.15) in (4.13) and (4.14), we get 
ar = - 2Y c3 [ bo3 - 1 ] 




In the plastic zone we have 
acrr 2 ( <Ja - <.lr) - = ---'-----'-
ar r (4.18) 
Integrating equation (4.18), we get 
cr, = 2Y log (r) + B (4.19) 
But from equation (4.12) we have p = 2j [ 1- (~YJ. Also, since <Jr must be continuous 
across the plastic boundary, we have 
(4.20) 
This condition is obtained by taking P = -<Jr. at a=c 
On equating (4.19) and (4.20), we get 
B =- 2Y log (c)- 2J [ 1- (~}] (4.21) 
Hence 
<J, =- 2Y log(%)- 2J [ 1- {tYJ 
(4.22) 
and from equation ( 4.10) 
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. cre = Y - 2Y log(~}- 2J [ 1- {f:-YJ (4.23) 
From which the pressure P can be calculated by substituting P = -crr 
P= 2Ylog(~)+2J [1-(f:-YJ (4.24) 
Calculation of Strains 
In order to correlate the stresses developed in the spherical cavity with those in the 
indentation it is necessary to calculate the strains produced. In this section, strains are 
computed based on Hill's formulation [60]. In order to compute the displacements of the 
individual elements, Hill suggested that it is convenient to take the movement of the plastic 
boundary as the indication of the progress of the deformation process. 
Consider a particle in the plastic portion moving with a velocity v. If the plastic 
boundary moves through an elemental distance de, then the displacement of the particle can 
be written as 
au au 
du =-dc+-dr 
ac ar (4.25) 
or 





Using the compressibility equation, we get 
But in terms of displacement of the particle, the strains may be expressed as 
. a 
dEr = -(du) dEe= dEep=~ 
ar 
Also, stresses dcrr and dcre can be expressed as 
and 
Substituting the above in equation (4.27), we get 
av -l 2vdc - ( 1-2v) (acrr acrr 2acre 2 acre) d --uc+ -- -- --+v-+ -+ v- c 
ar r E ac ar ar ac 
av v ( 1-2v) ( a a ) ( ) -+2y:-= -- -+v-+ O'r+20'e 








Substituting the expressions for O'r and O't from equations (4.17) and (4.18) in equations 
(4.31,4.32) we get 
fJv + 2Y. = 6Y (1-2v)[Y. _1_( .. 1 - c3)~ 
ar r E r c b~ IJ 
Solving the above partial differential equation (4.33), we get 
Since v=da/dc at r=a 
v = 3 (1- v)Yc2 _ 2 {1 -2v)Y {· 1 _ c3).r. 
Er2 E b~ c 
Jill. = 3 ( 1- v )Y c2 _ 2 ( 1 -2v )Y ( 1 _ c3) .a. 
de Er2 E b~ c 





In this section the indentation parameters such as the indenter geometry and the 
depth of indentation are correlated with the state of stress obtained in the previous section. 
The methodology developed by Johnson [61] will be presented. Johnson in his analysis 
made the following assumptions : 
* the hydrostatic pressure in the core is equal to the radial component of stress in 
the external zone at r=a. 
* the volume of material displaced by the indenter is equal to the increase in the 
volume of the core. 
Consider equation (4.24) when the cylinder is expanding from a zero initial radius, we 
have 
P = 2Y log (i) + 2J (4.36) 
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Also from equation ( 4.35) the radial displacement of the particle is given by da/dc=du/dc or 
d( u) = 3 ( 1- v )Y c2 _ 2 ( 1 -2v )Y ( 1 _ c3 ) fl. 
de Er2 E bb c (4.37) 
Assuming that the increase in volume of the core is equal to the volume of the material 
displaced by the indenter, we get 
2 1t a2 da (u) = l_ 1t a2 dh 
3 3 (4.38) 
But from the geometry of indentation (see Figure 4.3) tan ~ = ~ we get 
i tan ~ da = du{a) (4.39) 
du(a)=3(1-v)Yc2 _2(1-2v)Yr 
de Er2 Ec (4.40) 
(4.41) 
Using the conditions of geometrical symmetry, we have da/dc = a/c, which on substitution 
in equation (4.41)gives 
~tan~= 6 (1- T\) (~}3 - 4 {1- 211) (4.42) 




Figure 4.3 Johnson's Model for Correlating Indentation Parameters with Hill's Spherical 
Cavity Solution [61] 
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which on substitution in (4.36) gives 
(4.44) 
It may be noted that the Hill's solution is for a complete sphere, where as in the case of 
indentation a hemisphere expands under internal pressure. Also, in the indentation 
problem, one has to take into account the free surface. Hence, in applying this solution for 
the indentation problem, it has to be modified so that these factors are considered. This 
modification was done by Chiang et al. [62] who used the procedure developed by Mindlin 
[63] to arrive at a free surface boundary condition for an expanding hemisphere. One of 
the salient features of Chiang's analysis is the ability to take into consideration the various 
cracking sequences during the indentation process in brittle materials. 
CHAPTERV 
MODIFIED HILL'S SPHERICAL CAVITY 
SOLUTION FOR INDENTATION 
OF BRITILE MATERIALS 
Bridgman's pioneering work [27, 64, 65] has established that in order to induce 
plasticity in brittle materials, such as glass, alumina and marble the state of stress should be 
such that there is a considerable amount of superimposed hydrostatic pressure (of the order 
of few tens of mega pascals). The effect of extremely high hydrostatic pressure on the 
response of materials is two fold [ 66] 
(a) from a continuum mechanics point of view, high hydrostatic pressure will result 
in the displacement of the intrinsic or the Mohr's curve. 
(b) from a microscopic view the effect of high compressive pressure will be to close 
the microcraks as they are formed. 
A lucid explanation of the effect of high hydrostatic pressures on the behavior of materials, 
in terms of the stress-strain behavior, was put forth by Pugh [67]. He argued that though 
the stress-strain curve is a representation of the basic material property, fracture itself was 
determined by the absolute value of the tensile strain. Thus, during a uniaxial tensile testing 
of a specimen under high hydrostatic pressure, a much larger tensile stress is required to 
cause fracture because of the added compressive stress imposed by the high hydrostatic 
pressure. With reference to Figure 5.1, the material may fracture at point A when subjected 
to uniaxial tension, under atmospheric conditions. In contrast, when the same test is 




(a) Material with higher workhardening coefficient 
Tme Strain 
(b) Material with lower workhardening coefficient 
Figure 5.1 Effect of Hydrostatic Pressure on Stress-Strain Curve 
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stress required to cause fracture raises up to point B. Pugh suggested that at still high 
pressure, fracture is delayed up to point C. In the case of materials having a flatter stress 
strain curve [Figure 4.1b], only small changes in the hydrostatic pressure are required to 
shift the point of fracture from B to C. 
During the process of indentation also, pressures in the range of 1 - 3.0 GPa (the 
value depends on the yield strength of the material) are usually observed in localized 
regions [37]. It, therefore, becomes necessary that the effect of hydrostatic pressure be 
considered when the equations for the stress state are derived. 
Yield Criterion 
Yield criterion may be defined as any general condition which must be satisfied if 
yield is to occur. An yield criterion for metals is proposed under the following 
assumptions - (i) the material is homogeneous and isotropic, (ii) there is no Baushinger 
effect, and (iii) the hydrostatic component of stress alone does not contribute to yielding. 
Under these assumptions 
f(Uw, III:w) -Y =0 (5.1) 
The last assumption i.e. the hydrostatic component of stress alone does not produce any 
yielding, is made because the material is taken to be incompressible. Based on these 
assumptions von Mises proposed that yielding in a material will occur when the elastic 
energy of distortion reaches a critical value i.e. 
-II:Eo = Cy (5.2a) 
which can also be written as 
(5.2b) 
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where k is the yield stress of the material in pure shear. Tresca proposed that yielding 
would occur when the resolved shear stress on any plane reaches a critical value. 
(5.3) 
Though in most cases the above stated three assumptions are valid, there are some 
instances where the material is not homogeneous or dense and hence some of these 
assumptions no longer hold good. For example, in the case of compression of porous 
materials (with porosity as high as 40%) it becomes obvious that the hydrostatic stress does 
produce some yielding. In such cases it becomes necessary that the first invariant of the 
stress has to be considered. Taking the first invariant of the stress into consideration the 
yield criterion then becomes 
(5.4) 
As stated earlier, in the case of indentation, the localized pressure can reach as much 
as 1-3 GPa, and this can be partly responsible for the yielding of the material. The 
problem, therefore would require that the yield criterion for the material (ceramic) be 
modified so as to take the first invariant of stress into consideration. The principle work in 
this area (i.e porous materials which yield under hydrostatic pressure) was first reported by 
Drucker and Prager [68]. Their work was mainly intended for soils and similar materials. 
They assumed a yield function of the type 
(5.5) 
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When a. is equal to zero this criterion reduces to the Mises condition. When the above 
equation is represented on the (7t) plane (or the principal stress space) it takes the form of a 
right circular cylinder for a.=O and a right circular cone for a.>O. 
Important feature of the above yield criterion can be obtained by considering the 
plastic potential 
(5.6) 
On simplifying the above equation, we have 
Eii = 3a.A. (5.7) 
which is known as the cubical dilation. This indicates that the plastic deformation process 
must be accompanied by an increase in volume. 
Green [69] proposed a new yield criterion for materials which showed some 
amount of deformation when subjected to a certain hydrostatic stress. Arguing that the 
previous theories were based on the fact that the yield surfaces were unbounded in 
compression and allowed for little or no strength in tension, Green postulated a yield 
criterion of the form of 
(5.8) 
where v is the void ratio or the ratio of the solid material to the total volume of voids. 




where a and ~ are functions of v. It can be seen that for ~= 1, this yield criterion reduces to 
the Drucker-Prager model and for a=O and B=1 to Mises yield criterion. In terms of void 
ratio, Green calculated the values of the above two constants as 
a = 1/4 [-:---3__,_(_1---:-v_l/3--<-) _l2 
(3 -2v114) log v J 
B = [ 3 (1- vl/3)]2 
(3 -2v114) (5.10) 
Several other yield criteria considering the first invariant of the stress, have been proposed 
[70]. But many of them have drawbacks, namely, the constants involved are difficult to 
evaluate in actual applications. 
Hill's Solution with a Modified Yield Criterion 
Since the present problem is one in which the hydrostatic stress is very significant, 
it appears that the problem of indentation of brittle materials be viewed with a yield criterion 
along the lines those discussed above. Chen [71] carried out an analysis of the indentation 
of Zirconia ceramic using the spherical cavity solution and a yield criterion of the form of 
Y =Yo+ a. P (5.11) 
where Yo is the compressive yield stress at zero pressure and P is the hydrostatic pressure 
or the triaxial confining pressure. Using this criterion, Chen found the stresses in 
indentation using the spherical cavity solution. We assume a yield criterion of the form of 
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Y = aJ1 + (31~12 (5.12) 
It can be seen that this yield criterion is different from that assumed by Chen [71]. Here, it 
is assumed that the effect of shear stress on yielding, during the indentation process, is not 
independent of the hydrostatic pressure. Consequently a and (3 in the equation 5.12, may 
both vary so as to effect the yield. As stated earlier, if a=O and (3 =1 in the above equation, 
we have the Mises yield criterion. Now, starting with equation (4.11), the yield in the 
material is given by (Tresca's criterion) 
where 
Or= 
Pi~ (b{J- x-1) 
r' (ail- b{J) 
(5.13) 
(5.14) 
Since, within the spherical cavity the state of stress is everywhere hydrostatic tension [60] 
we have 
Ot - Or = (3Y 0 - <l Ot 
(5.15) 
which on simplification gives 
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(5.16) 
where Po is the pressure corresponding top at r=a. It can be observed that when ~=1 and 
a =0, the above equation reduces to 
P _ 2 Yo (b&- at} 
0 - 3bb (5.17) 
which is the same as equation (4.12) of Hill's analysis. 
In the plastic portion, the equilibrium equation is given as 
a crr = 2 (~Yo- a crt) 
ar r (5.18) 
and substituting equation (5.13) in (5.18) we get 
a crr = 2 (Y- acrt) 
ar r (5.19) 
On substituting the value of Cit from equation (5.14) and simplifying we get 
(~Y 0_ a Pi at (b& + 2r3)) 
a Cir = 2 2r (at- b&} 
ar r (5.20) 
Integrating the above equation (5.20),we get 
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· up~ { b3 ). 
O'r = 2~Yolog(r)- ( 3 3) log(r)-~ +C 
. ao- bo . 6 r (5.21) 
where C is a constant which can be evaluated by imposing the boundary condition, namely 
at r=ao=c, p=-crr. then (note p=pi) 
(5.22) 
Hence, 
O'r = 2~Yolog(r)- aPa;( log(r)- ~) + ~c:( log(c)- b63)-
36-bo 6r- c -bo 6c 
. (bJ-2) 
~Yo { 3 }- 2 ~Yo log(c) 
.1b3 +a 1 +bo 
2 c3 
(5.23) 
from the above equation when a=O, ~= 1, we have 
O'r = -2Ylog (~)- 2Y(b~ -c3) 
r 3bb (5.24) 
which is the same as equation.(4.22) in Hill's formulation. Using equation 5.15, the 
tangential stress is given as 
O't=_1_ 
a. +1 
~Yo+ 2~Yolog(r)- a.Pan ( log(r)- b5} + a.Pc3 ( log( c)- b5)-
an - b5 6r3 c3 - b5 6c3 
(b5- 2) 
~Yo ( 3 ) - 2 ~y log(c) 




These equations, which take into consideration the effect of hydrostatic pressure, may be 
used to define the state of stress in the case of indentation of brittle materials. In Chapter VI 
it will be shown that large hydrostatic pressures are produced in the regions just below the 
point of indentation. Also, the hydrostatic pressure is related to the ElY of the material, i.e. 
the lower the ElY value higher is the hydrostatic pressure and vice versa. Since brittle 
materials, such as advanced ceramics have generally low ElY value, it is suggested that the 
above equations may be used to determine the stresses in the indentation process, using the 
Hill's spherical cavity solution. The effect of considering the hydrostatic stress is two fold: 
in the case of materials, such as glass, where the structure can accommodate microscopic 
alterations (without macroscopic changes), densification may occur . In the case of other 
brittle materials which are fully dense such as alumina, silicon nitride, the effect would be to 
suppress the formation of cracks and thus allow for some amount of plastic deformation. 
CHAPTER VI 
FINITE ELEMENT ANALYSIS OF INDENTATION 
Finite element methods were developed in the early 70's to analyze complex 
physical phenomenon. It has since been widely used for varied engineering applications. 
Hardy [15] was among the first to use FEM for analyzing the elasto-plastic indentation 
process. He studied the Hertzian indentation of ductile materials, such as steel. Y ausi and 
Imoka [72] were among the early investigators to carry out FEM studies on elasto-plastic 
indentation of brittle materials. Similar analysis has been carried out following that work 
by others, for example, Franse [73]. A similarity between the analysis of Yausi et al. [72], 
Franse, and the present investigation is that in all these cases glass has been modelled as an 
elasto-plastic solid with no cracks. 
Formulation 
The finite element analysis of the indentation was carried out using the 
commercially available ABAQUS FEM package. To study the deformation at small depths 
of indentation, the elasto- plastic option of ABAQUS is made use of. The elasto-plastic 
formulation is based on the Prandtl-Reuss flow rule. The incremental flow stress is a 
function of the total strain. Plastic deformation takes place when the stress is beyond the 




where deel and d£1>1 are the incremental elastic and plastic components of the strain. In the 
above, the elastic part of the response is assumed to be derivable from an elastic strain 
energy density potential so that the stress is defined as 
(6.2) 
where U is the strain energy density potential. The inelastic part of the deformation is 
defined by the flow rule which is written as 
(6.3) 
where g is the flow potential. Similarly, the deformation F can also be broken into 
F =pel+ pPl (6.4) 
The yield criterion, in the plastic region is expressed in the form 
(6.5) 
The rigid body subjected to indentation and undergoing deformation was modelled using 
1250 continuum axisymmetric elements (CAX4). The indenter itself was modelled using 
the RIGID SURFACE option in ABAQUS. This option ensures that the indenter itself 




Figure 6.1 Finite Element Mesh used for the Indentation problem 
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Two different shapes of indenters were used during analysis - conical with 90° and 
136° included angles. A major problem in the convergence of the solution, was the die 
penetration problem. This problem was over come by prescribing some width (0.125Jlm) 
at the bottom of the indenter, as against the point shape previously mentioned. It should be 
noted that the angles mentioned are those in without considering the small "land" at the 
bottom of the indenter. 
Figure 6.2, shows the direction of flow of material in glass at a indentation depth of 
lOJlm depth in glass. From the direction of flow, it is evident that beneath the indenter the 
material flows in a radial direction, as assumed in the formulation of the elasto-plastic 
indentation problem in Chapters IV and V. Hence, it can be seen that the the application of 
Hill's spherical cavity solution is valid. Figure 6.3 shows the hydrostatic stress contours, 
at lOJlm indentation in glass. From this figure it can be observed that the maximum 
hydrostatic stress of around 3.2 GPa occurs just below the indenter and decreases with 
increase in distance from the tip of the indenter. 
Figures 6.4 show the variation in the maximum principal stress along the axis of 
symmetry in indentation, at various depths in Indentation of glass ~=45° Figure 6.5 and 
6.6 shows a similar variation for ~=45°. The variation in the maximum principal stress 
along the axis of symmetry for various ductile materials is shown in Figure 6. 7. From all 
these graphs it can be observed that the maximum principal stress is highly compressive 
just below the indentation, it becomes tensile with increasing distance,and finally saturates 
to a zero value at some distance away from the tip of the indenter. However, a small 
variation of the above stated can be seen in the indentation of glass at 5Jlm depth [Figure 
6.6]. In this case the stress state is tensile below the point of indentation i.e it never 
registers a compressive value. 
Figure. 6.8 is shown the variation in the maximum principal stress obtained by 
Franse [73] in the indentation of glass. Making use of Equation 4.44, with E=90 GPa, 
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Figure 6.2 Direction of Material Flow in Indentation of Glass at lOJ.Lm 
depth of Indentation 
62 
Figure 6.3 Contours of Hydrostatic Pressure in Indentation 
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Figure 6.4 Variation of Maximum Principal Stress Along the Axis of Symmetry in 
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Figure 6.5 Variation of the Maximum Principal Stress Along the Axis of Symmetry in 
Indentation of Glass for ~ =22° 
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Figure 6.7 Variation in the Maximum Principal stress for various ductile materials (~=22°) 
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Figure 6.8 Variation of the Maximum Prinicpal Stress in Indentation 
of Glass at Various Depths after Franse . 
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Y=1800 MPa and 13=45°, the value of 4576 MPa for P/Y can be obtained. Franse used the 
average value of the maximum principal stress of- 3300 MPa, from Figure 6.6 (at the 
center of the indenter) to compare the analytical and the finite element values. He argued 
that the difference between the finite element and analytical value of 1276MPa (i.e 4576-
3300) could be due to the effect of free surface in indentation process (refer to Figure 4.2) 
which is not considered in Johnson's solution. In our case, by taking the average of the 
hydrostatic pressure during indentation of glass with 13=45° indenter, we find this 
difference to be (1470 MPa), which is close to the value obtained by Franse. Although 
Franse attributed this difference to free surface, but in reality the difference need not 
necessarily be attributed to the free surface. It can also be due to the compressibility of the 
material. Unfortunately the finite element formulation is based on elasto-plastic formulation 
and does not take into account the compression of the material. 
Figure 6.9 and 6.10 show the variation in the hydrostatic stress along the axis of 
symmetry of various brittle and ductile materials respectively. From these graphs it can be 
observed that the hydrostatic; stress is high just at the point of indentation and decreases 
along the axis of symmetry. This rapid increase in the hydrostatic pressure close to the 
indenter suggests that at small depths of grinding, the hydrostatic stress at the tip of the 
abrasive may be quite high. This could probably result in some plastic deformation at or 
near the surface. It can be observed from Figure 6.11 that the value of the maximum 
hydrostatic pressure is dependent on the ratio of the Young's modulus to the yield strength, 
decreasing with increasing value. Also, from Figure 6.9 and 6.10 it can be observed that 
during indentation of Al203 (E/Y=60.0) and copper (E/Y=135), the hydrostatic pressures 
are 11.5 and 6 GPa respectively. Hence, it can be said that brittle materials in general have 























0 1 0 20 30 
Distance Along the axis of Symmetry (Jlm) 
Figure 6.9 Variation in the Hydrostatic Stress Along the Axis of Symmetry in various 
Brittle Materials (~=22°) at lJlm depth of indentation 
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Figure 6.10 Variation in the Hydrostatic Pressure along the axis of Symmetry for various 
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Figure 6.11 Variation in the hydrostatic pressure for various ductile and brittle 
materials for ~=22° and depth of indentation of 1J.l.ID 
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As indicated in Chapter IV, Marsh [52] working on the indentation of glass, observed that 
the relation of the type of PlY-3 cannot be· used for brittle materials, such as glass. 
Following Hill's solution he derived the following expression relating PlY to the materials 
parameters, namely, E/Y. 
P =2.. {1 +_3_log 3 } 
Y 3 3 - A A + 3~ - A~ 
where A = ( 1- 2v ~ and ~ = ( 1 + v ~· 
The above expression can also be rewritten as 
where B = _3_ and Z = 3 
E_ = 2.. + 2..mog(Z) 
y 3 3 
p = c + KBlog(Z) y 




In order to evaluate the validity of the equation 6.8 and to determine the values of c and K, 
Marsh [52] conducted a series of experiments on derlin, glasses, and other brittle materials. 
From these experiments Marsh evaluated c as 0.26 and K as 0.60. In the present 
investigation in order to determine the value of the constants through FEM, different brittle 
materials such as glass, alumina, fused silica, magnesium oxide, and beryllium oxide were 
used. Table 6.1 lists the values of these constants for the materials using the finite element 
analysis of the indentation process. The results of PlY versus the B log(z) parameter are 
plotted in Figure 6.12. Using this graph the values of the constants c and k were evaluated 
as 0.28 and 0.07 respectively. The values of constant c, it should be noted are almost 
equal to that of c=0.26 given by Marsh. However, the difference in the value of K many 
be attributed to the choice of materials. If more materials (with small and high ElY values) 
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were to be chosen, then it is believed the constant K would have been closer to that given 
by Marsh. It may also be noted that Marsh does not indicate the value of the Young's 
modulus and yield strengths of various materials that he used for his experiments, and 
hence could not be used in the finite element.simulation. 
TABLE 6.1 
MATERIAL PARAMETERS BAND Z FOR VARIOUS MATERIALS 
Material v ElY A. ll B z log(Z) 
Ah():) 0.26 59.68 0.0080 0.02111 1.002687 42.135 3.7408 
BeO 0.34 88.171 0.003629 0.01519 1.00121 61.045 4.116 
MgO 0.36 105.82 0.002646 0.01285 1.00088 72.8827 4.288 
Si02 0.25 37.125 0.013460 0.04040 1.00450 22.3673 3.1076 
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Figure 6.12 P/Y versus Material constants Band Z 
CHAPTER VII 
CONCLUSIONS AND RECOMMENDATIONS 
In this work, the existing analytical models for the indentation of brittle materials, 
chiefly, the Hill's spherical cavity solution and variations of it, have been dealt in some 
detail. Finite element analysis of the elasto-plastic indentation problem showed that high 
hydrostatic pressures can be observed in regions immediately beneath the indenter [see 
Figure 6.3]. This high hydrostatic pressure can play a significant role in the deformation of 
certain brittle materials, especially glass and ceramics. Since, Hill's formulation is based 
on Tresca yield criterion which is applicable for ductile materials, in the present 
investigation this has been modified to take into account the role of first invariant of stress. 
Such a solution can be applied to brittle materials such as advanced ceramics. The validity 
of the solution, however, could not be evaluated for lack of experimental data. 
The finite element analysis of the indentation of brittle materials, such as glass, 
alumina, magnesium oxide, fused silica, and beryllium oxide showed that the material 
beneath the indenter moves in radial directions. This confim1s that for elasto-plastic 
indentation of brittle materials, the Hill's spherical cavity solution can be used. Also, as 
can be expected, the maximum principal stress varies along the axis of symmetry - in a 
small region just beneath the indenter. These stresses are highly compressive and then with 
increasing distance along the axis of indentation, become tensile over a very small portion 
before finally saturating to a zero value. It is felt that for brittle materials, this change from 




The hydrostatic pressure just beneath the indenter is high (1 -3 GPa), and the 
absolute values seem to depend on the material properties especially, the ratio ElY. Higher 
the value of E/Y, the lower is the hydrostatic pressure and vice versa. Since brittle 
materials, such as advanced ceramic materials and glass have low ElY value, it can be 
expected the high hydrostatic stresses may be present during machining at low depths. 
However, without the experimental results it cannot be ascertained whether this high 
hydrostatic stresses can be successfully exploited so as to provide surfaces which are 
nearly crack free. 
Although indentation tests provide some information on the deformation process, 
these results may not be directly applicable to grinding. This is because of the following : 
(i) indentation tests are static and do not consider the complexities associated with a 
dynamic process, (ii) scratch tests do provide the dynamic conditions but they are (a) 
carried out under constant depth of cut as opposed to the varying depth of cut in grinding 
process and at low speeds and (b) the stress fields are simpler and do not consider the 
stress interactions that arise during a grinding process, and most important of all (iii) the 
heat generated during the grinding process is significant and the stresses that arise because 
of this may also play an important role. So, the analytical solutions have to be modified so 
as to consider the dynamic effects. 
If a true representation of the ultraprecision grinding of ceramics is to be achieved, 
then it is necessary to simulate the actual cutting process rather than static indentation. The 
finite element simulation of such a process should be able to predict whether formation of 
cracks take place or if plastic flow will occur. One such analysis was carried out by Ueda 
at al.[74] As per this formulation the stress and strain distributions in the deformation are 
first analyzed with FEM. Then the appropriate fracture mechanics parameters are 
determined. For these parameters, Ueda et al used the potential energy release rate G and 
the stress intensity factor K. Then the type of deformation taking place in the deformation 
zone of cutting is determined based on the following : if G ~ Gc or K ~ Kc then the material 
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is removed by unstable crack formation (Gc and Kc are the critical values of G and K 
respectively). If the above condition is not satisfied then plastic flow is assumed to take 
place. The above analysis can be modified for brittle materials by prescribing the yield 
condition that takes into account the first invariant of stress. 
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